In this paper, we present four new Windschitl type approximation formulas for the gamma function. By some unique ideas and techniques, we prove that four functions combined with the gamma function and Windschitl type approximation formulas have good properties, such as monotonicity and convexity. These not only yield some new inequalities for the gamma and factorial functions, but also provide a new proof of known inequalities and strengthen known results.
Introduction
, Alzer [4] , Shi et al. [5] , Batir [6, 7] , Mortici [8] [9] [10] [11] [12] , Nemes [13, Corollary 4.1], [14] , Qi et al. [15, 16] , Feng and Wang [17] , Chen [18] [19] [20] [21] , Yang et al. [22] [23] [24] [25] , Lu et al. [26] [27] [28] , Xu et al. [29] . Some properties of the remainders of certain approximations for the gamma function can be found in [4, 16, 23, [30] [31] [32] [33] [34] [35] .
In this paper, we are interested in Windschitl's approximation formula (see [36] ) given by ( (1.3) by an easy check. These show that W 0 (x) and W 1 (x) are more accurate approximations for the gamma function. In 2009, Alzer [37] proved that for all x > 0, with the best possible constants α = 0 and β = 1/1620. Recently, Lu, Song and Ma [27] extended Windschitl's formula to an asymptotic expansion:
(n + 1) ∼ √ 2πn n e n n sinh 1 n + a 7 n 7 + a 9 n 9 + a 11 n 11 + · · · n/2 (1.5) as n → ∞ with a 7 = 1/810, a 9 = -67/42525, a 11 = 19/8505, . . . , and proved that there exists an m such that, for every x > m, the double inequality
holds. An explicit formula for determining the coefficients of n -k (n ∈ N) was given in [19, Theorem 1] by Chen. Another asymptotic expansion
was presented in the same paper [19, Theorem 2] . Let us consider the four new Windschitl type approximation formulas, as x → ∞, which are (1.11)
The aim of this paper is, by investigating the monotonicity and convexity of the functions The rest of this paper is organized as follows. In Sect. 2, three lemmas are given, which are crucial to the proofs of our results. In Sect. 3, five monotonicity and convexity results for the functions constructed from the gamma function and Windschilt's formula are proved. Some new inequalities between the gamma or factorial functions with Windschilt's formula are established in Sect. 4. In Sect. 5, numeric comparisons of several better approximation formulas are presented.
Lemmas
To prove our results, we need three lemmas as follows. .
Lemma 1
Then we have Hence, we conclude that
which proves the first inequality of (2.2).
Analogously, we have It then follows that
which proves the second formula of (2.2). This completes the proof. for t > 0, respectively. Expanding into a power series yields
where
We assert that p 5 (n) > 0 for n ≥ 3, since p 5 (n) can be written as
which is evidently positive for n ≥ 3. Hence h 1 (t) > 0 for all t > 0. While
where for m = n -5 ≥ 0, which proves h 2 (t) > 0 for t > 0. The proof is complete.
The following lemma offers a simple criterion to determine the sign of a class of special polynomials on given interval contained in (0, ∞) without using Descartes' Rule of Signs, which plays an important role in studying certain special functions, see, for example, [39, 40] . A series version can be found in [41, 42] .
Lemma 3 ([39, Lemma 7])
Let n ∈ N and m ∈ N ∪ {0} with n > m and let P n (t) be an nth degree polynomial defined by
where a n , a m > 0, a i ≥ 0 for 0 ≤ i ≤ n -1 with i = m. Then there is a unique number t m+1 ∈ (0, ∞) satisfying P n (t m+1 ) = 0 such that P n (t) < 0 for t ∈ (0, t m+1 ) and P n (t) > 0 for t ∈ (t m+1 , ∞).
Consequently, for a given t 0 > 0, if P n (t 0 ) > 0 then P n (t) > 0 for t ∈ (t 0 , ∞) and if P n (t 0 ) < 0 then P n (t) < 0 for t ∈ (0, t 0 ).
Monotonicity and convexity
is strictly decreasing and convex on (0, ∞).
Proof Differentiation yields
Replacing x by (x + 1/2) in inequality (2.1) leads to Expanding into a power series gives for n ≥ 4. It then follows that f 01 (t) > 0 for t > 0, so f 0 (x) > 0 for x > 0. This yields f 0 (x) < lim x→∞ f 0 (x) = 0, which proves the desired result.
Theorem 2 The function
is strictly increasing and concave on (0, ∞).
,
Since lim x→∞ f * 1 (x) = 0, it suffices to prove f * 1 (x) < 0 for x > 0. Replacing x by (x + 1/2) in the right-hand side inequality of (2.2) leads to for t > 0. This implies that f 2 (x) < 0 for all x > 0, and the proof is complete.
Theorem 3 The function
Proof
We clearly see that
where D(y) = ln(1 + y) -y. By Theorem 2, f * 1 is strictly increasing and concave on (0, ∞), so if we prove x → D(y) is strictly increasing and concave on (0, ∞), then so will be f 1 , and the proof will be complete. Now we easily check that for x > 0, 
Theorem 4 The function
Proof Differentiation yields
Since lim x→∞ f 2 (x) = 0, it suffices to prove f 2 (x) > 0 for x > 0. Replacing x by (x + 1/2) in the left-hand side inequality of (2.2) leads to Since the coefficients of polynomial q 6 (t) satisfy the conditions of Lemma 3 and q 6 (1) = 53,681/990 > 0, we find that q 6 (t) > 0 for t ∈ (0, 1), and then f 21 (t) > 0 for t ∈ (0, 1). This ends the proof.
Theorem 5 The function
is strictly decreasing and convex on [4/3, ∞).
Proof We easily see that
where D(y) = ln(1 + y) -y. By Theorem 4, f 2 is strictly decreasing and convex on (0, ∞), so if we prove x → D(y) is strictly increasing and concave on [4/3, ∞), then so will be f * 2 , and the proof will be complete. Now we easily check that for x ≥ 4/3, 
Inequalities
As is well known, analytic inequalities [43] [44] [45] play a very important role in different branches of modern mathematics. Using the theorems presented in the previous section, we can obtain some new inequalities for the gamma function and factorial function related to Windschitl's formula. 
Proof The first and second inequalities in (4.1) follow directly from the monotonicity of f 0 , f 2 and f * 1 on (0, ∞) given in Theorems 1, 4 and 2, respectively, due to f 0 (∞) = f 2 (∞) = f * 1 (∞) = 0. The third one holds due to a simple inequality 1 + y < e y for y > 0. The proof of inequalities (4.2) is similar, which completes the proof.
Using the monotonicity of f 0 , f * 1 and f 2 on (0, ∞) and noting that
we immediately get the following corollary.
Corollary 2
For n ∈ N, the inequalities The proof of inequalities (1.4) presented by Alzer [37] seems to be somewhat complicated. With the aid of the first and second inequalities in (4.1), we can give a new and simpler proof.
Proof of inequalities (1.4) The sufficiency for the inequalities (1.4) to hold for x > 0 follows by the first and second inequalities in (4.1). The necessary condition for the left-hand side inequality of (1.4) to hold for x > 0 follows from the following relation:
While the necessary condition for the right-hand side of (1.4) to hold for x > 0 follows from the limit relation
This completes the proof.
The following corollary offers a strengthening for Lu et al. 's inequalities (1.6).
Corollary 3
The inequalities 
which completes the proof.
Remark 1 Clearly, the proof of Corollary 3 can also be regarded as a new proof of Lu et al.'s inequalities (1.6). Moreover, our proof gives the minimum value of m, i.e., min(m) = x 0 ≈ 0.437,38, such that the the double inequality (1.6) holds for all x > x 0 .
Numeric comparisons
By the asymptotic expansion listed in [46, Eq. (6.1.40)]
we easily verify that our four approximation formulas W 01 (x), W * 01 (x), W 02 (x) and W * 02 (x), defined by (1.8), (1.10), (1.9) and (1.11), respectively, have the following limit relations:
= 143 170,100 .
Also, for another approximation formula W 1 (x) defined by (1.3), we have
.
Denote the two approximation formulas generated by the double inequality (1.6) by
2) These, in combination with Corollaries 2, 1 and 3, show that the approximation formula W 02 (x) given by (1.9) is the best among those listed above, which can be seen from comparison Table 1 .
Conclusion
In this paper, we provide four Windschitl type approximation formulas for the gamma function, and prove that those functions, involving the gamma function and Windschitl type functions, have good properties, including monotonicity and convexity. From these facts we obtain some new sharp Windschitl type bounds for the gamma and factorial functions. These sharp inequalities, together with numerical comparisons, illustrate that W 02 (x) defined by (1.9) is the best approximation formula among those mentioned in Sect. 5.
Moreover, we give a simple proof of Alzer's inequalities (1.4), and improve and strengthen Lu et al.'s inequalities (1.6).
It is worth mentioning that our proofs of Theorems 1-5 are subtle and interesting, since the approximations deal with the gamma and hyperbolic sine functions, and it is difficult to establish their monotonicity and convexity by usual methods. Evidently, Lemmas 2 and 3 play important roles. 1 College of Science and Technology, North China Electric Power University, Baoding, P.R. China. 2 Department of Science and Technology, State Grid Zhejiang Electric Power Company Research Institute, Hangzhou, P.R. China.
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